Abstract. Bose-Einstein correlation functions have been studied using a simple model to generate identical pion pairs from a mathematical parameterization of various source geometries, and the simulation of pion radial flow or absorption in the source. The commonly used correlation formalism is first applied to a realistic source with radial flow, demonstrating the predicted reduction in apparent source size. It is then shown that in the case that strong position-momentum correlations are present this formalism breaks down, and the divergence is enhanced when the phase space of the emitted particles is strongly reduced by experimental acceptance or by kinematic analysis selections.
Introduction
Hanbury-Brown Twiss interferometry is an important tool that has been used [1] , [2] in both high energy and nuclear physics to determine the space-time dimensions of the emitting source created during nuclear collisions by using the effect of the interference pattern between two identical produced bosons [3] , [4] , [5] . In heavy ion reactions, such Bose-Einstein correlation measurements contain information not only about the freezeout volume characteristics, but also about the dynamical evolution of the system.
The source parameters derived from fits to the correlation function are difficult to interpret directly as real geometric quantities, being sensitive to the transverse and longitudinal dynamical expansion of the system [6] , [7] , [8] , [9] , [10] , [11] , resulting in a momentum dependence of the extracted source radii [12] , [13] , [14] , to long lived resonance decays [15] , [16] , [17] , [18] , [19] , the Coulomb interaction [20] , [21] , and final state rescattering [22] . Much theoretical work has been dedicated to studying the Bose-Einstein source parameters in the context of specific models, investigating to what extent different source shapes or dynamics can be revealed in the structure of the two-pion correlation function.
The physics motivation of the present work is to concentrate on the study of the effects of strong position-momentum correlations on the two-pion correlation functions, which could be imposed e.g., by collective flow or pion absorption. There has been recent experimental evidence for flow effects [23] , [11] . One implication of flow is that distant points of emission in the source volume cannot emit particles with closely differing momenta, and thus do not contribute to the small relative pair momentum region, mentioned already in [24] . It is also anticipated that strong absorption must exist in the case of large stopping power; a particle originating at the side of the source opposite to the direction of its momentum cannot easily propagate through the source to be seen by the detector, and therefore only a limited region of the source will be seen, noted already in AGS studies [25] .
It is thus interesting to try to further probe the relationship between source geometry, dynamical expansion, and kinematical regimes viewed by the measuring apparatus. In order to study the influence of these effects on the shape of the correlation functions, a Monte-Carlo simulation of the source was developed which provides the points of last interaction as a set of discrete phase-space points according to some probability distributions. The collision region is described in terms of a few macroscopic parameters defining the spatiotemporal extension of the source, such as the source shape and size, and the dynamical features of the system, such as temperature and collective flow. Resonances are not included in this model. As is the case with more detailed and sophisticated microscopic event generators, there is no Bose-Einstein symmetrization effect included from first principles [26] , [27] , [22] . The Bose-Einstein correlations were then added to the initial distributions by including the symmetrization in the form of a weight calculated for each pair of identical particles, a procedure found extensively in the literature [28] , [16] , [22] , [29] .
The present work shall make it clear that there are some limitations to this formalism, as it is an approximation and several assumptions are implicit in its derivation. This will be demonstrated on the basis of our Monte-Carlo simulation whose simplicity allows the direct study of effects on the correlation function through the well-defined control of macroscopic parameters. No attempt is made either to reproduce the data or to create a realistic MonteCarlo event generator. We first study the effects of flow by simulating a realistic situation which already shows inconsistencies in the correlation formalism used, then we look at an extreme case which demonstrates the breakdown of the formalism most clearly.
This paper proceeds as follows: Section 2 describes the particle model, the inclusion of radial flow and of the Bose-Einstein effect, Section 3 confirms results on the reduction of the apparent source size derived from Bose-Einstein correlation functions in case of position-momentum correlations, Section 4 points out some distortions of the correlation function that arise in the presence of strong kinematical cuts, and Section 5 discusses the inadequacies we have encountered that emerge from the Bose-Einstein formalism used.
Description of the Model
All particles in these calculations are assumed to be pions. The pion-emitting source is generated in phase space (x µ , p µ ), with the spatio-temporal part simulated on the basis of pure Gaussian spatial distributions and the momentum distributions modeled after the measured transverse momentum (p T ) and rapidity (y) distributions in the CERN 158 GeV/n Pb+Pb data [30] . Certain dynamical extensions to this simple model of particle production are then considered. Two-pion Bose-Einstein correlations are finaly introduced analogously to the method described in [20] , [31] .
Space-time and momentum distributions
The initial space-time distributions in x µ are taken to represent the points of last interaction of the particles, thus defining the freezeout volume. This approach assumes no prior knowledge about the early history of the collision; ie. the projectile and target have passed through each other and all pions that will take part in further stages of the calculation have been produced. No time dependence is assumed, that is, the source is created at a fixed time, and the only further interaction of the pions is due to the Bose-Einstein effect, which is described below. The spatial coordinates are generated Gaussian corresponding to a 6 fm spherical source with a variance of R/ √ 2 in each coordinate. The choice of 6 fm is motivated by the hard-sphere radius of 208 P b, the incoming projectile. This corresponds to a Gaussian shape parametrized as
This freezeout spatial distribution of the Gaussian source in the c.m. system is shown in Figure 1 . The initial momentum distributions p µ of the pions are determined by experimental p T and rapidity distributions [30] . The transverse momentum dependence is parametrized by dN/dp
where B=200 MeV and A is an arbitrary normalization constant. The rapidity (y ≡
dependence is modelled as
where E is the total particle energy, y cm =2.9, p z is the momentum in the longitudinal (beam) direction, a and b are random numbers uniformly distributed in the interval (0,1), and C is a constant. The initial momenta derived using Eqs. (2,3) are then modified by adding a radial flow in a simple and easily controllable manner, the magnitude of which can be varied to either reproduce a realistic situation or to enhance the effects under study. This simulation is based on the consideration that one signature of radial flow is a correlation between the emission points and the momenta of the emitted particles. We have simulated the radial flow such that this correlation matches the data of simulated Pb+Pb Venus events, version 4.12 [26] . Venus includes rescattering of particles, from which naturally arise position-momentum correlations that can be manifested as collective flow effects, and the model has been shown to reproduce the gross features of the heavy ion hadron data [11] , [32] . Only the pion flow profile was extracted from Venus, and no attempt was made to reproduce any other distribution.
In order to extract a realistic radial flow velocity profile from the simulated Venus Pb+Pb events, we have determined for all pions the β projected on the radial direction
where E is the total energy of the pions and r is the radial distance from the source center. Although the source is not radially symmetric, β r is assumed to describe the expansion, and the initial pion momenta are modified according to the corresponding radial Lorentz transformation. It turns out that the radial velocity profile from Venus is fit very well by the simple approximation
where r is the radius in fermi and f is a free parameter describing the strength of the radial flow. This parametrization is presented in Figure 2 , where the radial velocity is shown as a function of the radial distance from the source center for different values of f in the range 3 to 200 fm. The value of f =9 fm fits the Venus points very well. As such a flow implies a Lorentz γ factor of the order of 1.1, the p T and y distributions are not affected by more than about 20 %. In a recent study of analytical flow models [12] it has been demonstrated that the flow dependence of the extracted correlation radii is mainly due to the size of the flow, while its functional shape plays a somewhat secondary role. The order of magnitude of the flow velocity extracted here (∼ 0.35c) can be compared to the flow parameter η f in [12] . The relationship between the spatial and momentum distributions for the cases of pure Gaussian and with radial flow added are shown in Figure 3 . The effect of the radial flow is clear; it introduces a strong position-momentum correlation into the longitudinal and transverse planes. Figures 1 and 3 are meant to be representative; in practice the widths of the spatial distributions could be varied to see the effect on the correlation functions.
Simulating the Bose-Einstein Effect
In the second stage of the calculation, the two-pion correlation function is constructed using the above position and momentum distributions. The correlation function is usually defined as the ratio of the two-particle probability density P 2 to the product of the individual single-particle probabilities P 1
The additional information contained in the numerator of Eq. (6) which is not contained in the denominator is due to the Bose symmetrization of the two-pion wave function. Similar to other calculations [20] , [31] , this is introduced into P 2 (p 1 , p 2 ) by using a method of pairwise symmetrization of the pions in a plane-wave approximation. The symmetrized two-pion probability density for pions with energies E 1 , E 2 emitted from points ( r 1 , t 1 ) and ( r 2 , t 2 ) is
which reduces to
since the pions at freezeout are on-shell by definition and the source emission is assumed to be instantaneous (there is no time evolution). The number of pions in the numerator of Eq. (6) will be enhanced over the number of pions in the denominator by this symmetrized two-pion probability density. In practice, | Ψ | 2 is applied as a weight for each pion pair in the numerator of Eq. (6), while the denominator is formed by binning unweighted pion pairs as in [20] . The Coulomb interaction between the pions is not simulated.
The correlation functions are expressed in terms of the 3-momentum differences q 3 ,
and in the 3-dimensional space of momentum differences q S (perpendicular to the beam axis and to the transverse momentum of the pair), q O (perpendicular to the beam axis and parallel to the transverse momentum of the pair), and q L (parallel to the beam axis) [28] . In all 3 dimensional calculations of the correlation functions, the reference frame used is that commonly known as the LCMS frame, where the sum of momentum components in the beam direction is zero :
Source Size Determination in the Presence of Radial Flow
The overall plan is to study the correlation functions from a Gaussian source with positionmomentum correlations (ie. radial flow and pion absorption) enforced, having as reference a pure Gaussian source. Simulated events were run for each of these cases and the result verified to be independent of statistics. Each Monte-Carlo event contained typically 100 pions with the position-momentum distributions described above. 5 MeV bins were used to bin the various momentum difference components, however, the results are not sensitive to bin sizes in the range of [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] MeV. An experimental acceptance in (p T , y) has been imposed that is representative of usual magnetic spectrometers, ie. a constant magnetic field of a given strength that bends charged particles in the x − z plane (in a normal right-handed coordinate system), where z is the beam axis. In all cases the simulated events were uniform in the azimuthal angle φ.
Fitting the Correlation Functions
It is increasingly clear in this field that it is not trivial to derive the source parameters from complex functional fits. One standard procedure in experimental heavy ion physics, and the technique that is used in this paper, is to fit the complete correlation functions using the CERN library function minimization package [33] , which has the advantage of yielding a full χ 2 and complete error matrix for the fit.
To obtain the radii extracted from the 1 dimensional correlation functions, the q 3 correlation function is fitted to the Gaussian function
It should be noted that the Gaussian function poorly fits the 158 GeV/n Pb+Pb 1 dimensional HBT data [34] , and better fit results are obtained with exponential functions with the following form
Nevertheless, since Gaussian fits are commonly used in this field and their interpretation is more straightforward, they have been used in this paper as well. For the 3 dimensional correlation the fit function is
which includes a cross term in q O q L as predicted in [9] and subsequently confirmed in [11] .
Modifications to the Shape of the Correlation Function Due to Radial Flow
The correlation functions in the 1 dimensional momentum difference variable q 3 (Eq. (9)) are plotted in Figure 4 at fixed central rapidity (−0.25 < y < 0.25) in the LCMS (Eq. (10)) system. Table 1 shows that the Gaussian fit parameter according to Eq. (11) for C(q 3 ) yields exactly R 3 = 6 fm as it should with no flow, and the value of the coherence parameter λ is 1 as expected. According to the fit of Eq. (13), and taking a broad window in transverse momentum 0 < p T < 1.0 GeV/c, the three dimensional radii are presented in Table 2 . For the pure Gaussian case, all radii components of the correlation function are consistent with the 6 fm source size. The cross term R OL is always compatible with zero for these fits, since at midrapidity one does not expect an asymmetry between the longitudinal and outwards directions. Such an understanding of these correlations provides a firm basis from which to study departures from this ideal Gaussian behaviour. Including radial flow in the Gaussian model making use of Eq. (5) with f =9 fm broadens the whole correlation in q 3 , decreasing R 3 substantially, visible in Figure 4 and Table 1 . It is also clear from the present k T integrated 3d analysis, shown in Table 2 , that adding radial flow according to Eq. (5) reduces the apparent source size by some 15-20 % in the transverse components, and somewhat more in R L , this latter reflecting the difference between the generated longitudinal and transverse momentum distributions. This Monte-Carlo based study is in agreement with the predicted effects of flow on the HBT parameters, and other different simulated flow descriptions have also yielded comparable effects [35] , [12] , [29] . The observed radius reduction can be physically understood in terms of the flow velocity gradient pushing the pions apart, so that the local region where pions can interact with other pions at small relative momenta is reduced.
A similar reduction of fitted radii in fact remains for various reasonable types of acceptances that were studied, since the acceptance reduces the range of relative momenta seen by the detector and essentially imposes a cut on k T . The positions at freezeout of all generated pions and of those satisfying the magnetic spectrometer acceptance criteria are displayed in Figure 5 (left) for the case where the flow extracted from Venus has been added. As the pion freezeout positions and momenta are correlated, the net result is that the detector is not able to see the real volume of the emitting source, as illustrated in Figure 5 (left).
To further illustrate the effect of this type of flow, we have studied the dependence of fitted radii on the flow by adding various flow profiles according to the distributions parametrized in Eq. (5) to the instantaneous pure Gaussian 6 fm model described in Eqs. (1-3) . The resulting correlation functions, with and without acceptance, obtained for each flow profile have then been fitted assuming a Gaussian shape in q 3 (Eq. 11), giving radii which are shown in Figure 5 (right). In this figure, the independent variable has been chosen as the flow velocity at the nominal radius r of 6 fm. One sees a clear decrease in the fitted radius that depends on the magnitude of the flow, and this reduction is about 10 % for the Venus flow prediction, shown by the square point. This decrease is observed even when there is no acceptance imposed on the pion momenta, i.e. in Table 1 : One-dimensional Gaussian fits (Eq. (11)) to the correlation functions in q 3 for the pure Gaussian source, and including radial flow. Table 2 : Three-dimensional fits (integrated over all k T ) to the correlation functions according to Eq. (13) for a pure Gaussian source and after including radial flow.
the case of an ideal 4π detector. In the present case of a spatially spherically symmetric source, the decrease is similar with and without the spectrometer acceptance selection. Therefore one sees that in the pure static Gaussian model with radial flow, the fitted radii are reduced due to the flow, and this is true both for the given magnetic spectrometer acceptance or over all phase space. This is because the low relative momenta region of correlation can never probe the far side of the source, or in other words, pions originating at opposite extremes of the source do not appear with low relative momentum.
Distortions of the Correlation Function
In section 2, it was discussed how the correlation function could be constructed and analyzed using the weights in Eq. (8) . It will now be demonstrated that this weight method can lead to distortions of the correlation function. To illustrate this, we study the same model described above in Eqs. (1-3) , with the addition of radial flow (Eq. (5) with f =9 fm), to which pion absorption in the source has been added. In order to simulate the effect of pion absorption, a kinematical cut was imposed on the positions and momenta of the emitted pions, allowing for the correlation calculation only those pions with a momentum vector in an angle less than 45 degrees around the direction of their radius vector. This requires each pion to move out of the source in a 45 degree cone; if two pion emission points are opposite (across the source), the pions are then constrained to move away from each other (that is, ∆ p = 0), and this increases the position-momentum correlation. A finite acceptance spectrometer then cannot accept pions originating from the far side of the source. Under these conditions, the correlation functions in q 3 displayed in Figure 6 have been obtained, where, additionally, cuts in single particle transverse momentum of 0.1 GeV/c -0.3 GeV/c have also been applied. It is clear that part of the correlation function is less than unity, and that when p T is restricted to small values, the dip in the correlation function around 0.08 GeV/c figures more prominently. It is worth noting that the half-width of the correlation function remains nearly identical in all four cases in Figure 6 . Such a characteristic dip can be produced in C(q 3 ) given at least a p T cut, and either radial flow or the angle cut. This distortion in the correlation therefore seems to arise when imposing an acceptance cut on the detected pions emitted from the Gaussian model where a strong correlation between momentum and position is inherent due to radial flow or absorption.
The reason for this distortion can be illustrated using a simplified source model. Contrary to the physically reasonable model used above, this simplified model is not realistic, but serves nevertheless to clarify the effect. A linear source in the beam (z) direction is used, with no transverse spatial extension and no transverse momenta as well. With no thermal smearing, the longitudinal momentum is due totally to flow, and is taken as p(z) = 0.02z (14) where p has units of GeV/c and z is in fermi. It therefore represents a source expanding in the z-direction. The argument in the cosine of Eq. (8) reduces to (
/0.004 and gives the correlation function shown in Figure 7 . Applying the formalism of Eq. (8) to this cold source with pure flow empirically demonstrates that the distortion appearing in Figure 6 is due entirely to position-momentum correlations.
Discussion
This study shows that the formalism leading to Eq. (8) breaks down, ie. the correlation function becomes less than unity, when a strong enough correlation between momentum and position is present in the source, and the divergence depends on the kinematical cuts imposed. In analytical methods of evaluating the Bose-Einstein correlation functions based on the coherent state formalism arising from quantum field theory, using for example [36] , [12] 
with q = p 1 − p 2 and K = (p 1 + p 2 )/2, the correlation function cannot become smaller than unity. The approximate method using Eq. (8) is based on a semiclassical picture for a set of discrete space-time points. It produces effects that are not always consistent with Eq. (15) and which can become non-negligible as seen in Figure 6 . The discrepancy in methodology can be even more drastic; an analytical calculation based on Eq. (15) using the source given in Eq. (14) does not show these oscillations [37] , while using Eq. (8) with the same source yields Figure 7 . However, Eq. (8) is at this time the only method available to experimentalists which can be used to build correlation functions from the space-time output of microscopic event generators, and as can be seen in Figure 4 and [28] , [16] , [22] , [31] , [29] , this formalism has yielded reasonable results under the less severe conditions studied until now. The exact expression given in Eq. (15) cannot be used in a Monte-Carlo simulation when the Monte-Carlo event generator does not provide the source density function of the mean momentum K. The probabilistic Monte-Carlo approach does not allow to deal with the quantum mechanics effects involved here. Without a solution to this problem, since the procedure based on Eq. (8) has been used by many groups in the recent literature [28] , [16] , [22] , [29] , it is now henceforth clearly important on both the theoretical and experimental sides to improve the current Monte-Carlo Bose-Einstein formalism and to estimate the errors involved in the procedure using Eq. (8).
Conclusions
Motivated by the recent HBT heavy ion data, this paper has been largely aimed at addressing experimentally visible effects of flow and absorption in the collision source. The basic Gaussian model of pion source emission has been used as a stable starting point to discuss how such effects may change the resulting picture of the correlation functions calculated according to the approximation in Eq. (8) . The inclusion of radial flow in the Gaussian model is observed to consistently decrease the resulting fitted Bose-Einstein correlation radii in the three spatial dimensions. The dependence of the radius R 3 on the magnitude of the flow and experimental acceptance has been reproduced. Moreover, we have shown that the formalism commonly used to include Bose-Einstein effects in the Monte-Carlo simulation can lead to spurious results in the case that certain kinematical selections are applied when strong position-momentum correlations are inherent in the pion source. A deeper understanding of this formalism is necessary in order to make more detailed analyses of dynamical issues and acceptance effects. This has pointed out the need for an advanced quantum mechanical Monte-Carlo event generator that can properly describe Bose-Einstein correlation functions. Initial p x and p z pion distributions in the c.m. system as a function of x and z for pure Gaussian source (top row), and Gaussian with radial flow added (bottom). The p y −y distribution is essentially identical to p x − x and so has been omitted here. Since pions are generated in p T and rapidity separately, p z appears elongated due to the Lorentz transformation. 
